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Abstract:

Background:

We may ask a number of questions about the nature of the relationship between geometry and proba-
bility. Can both accurately model objective reality at all while the same is changing permanently?
Methods:

Various aspects of the relationship between geometry and probability have been re-investigated while
relying on a hypothetico deductive method.

Results:

It turns out that an interplay between two basic theorems of geometry, Euclid’s theorem and
Pythagorean theorem, is a possible theoretical foundation of probability theory too.

Conclusion:

Geometry as a framework of systematic logical thinking is unified with probability theory.
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1. Introduction

What is geometry, what is probability? Can we identify anything both have in common? A satis-
factory answer of this question is complicated by the fact that there are various alternative formaliza-
tions, especially of probability theory. Moreover, as is generally known, some of the interpretations
of probability do not obey all of Kolmogorov's axioms. Thus far, is it at the end, as Bertrand Russell
(1872-1970) once remarked?

“Probability is the most important concept in modern science, especially as nobody has the slightest
notion what it means. ”

(Bertrand Russell, 1929 Lecture cited in Bell, E. T., 1945, p. 887)

Probability theory is a mathematical and conceptual framework which focuses on the investigation
and description of (one part or the whole) objective reality from its own methodological point of view.
However, geometry itself is a mathematical framework too, which is investigating and describing (the
same part or the same whole) objective reality with its own and many times completely different
scienti ¢ methods. What both mathematical frameworks have in common is the focus on a very precise
description of (one part of) objective reality. Therefore, are any contradictory results in this context
justi ed? In order to avoid any contradictions between these two scienti ¢c frameworks, it is necessary
to clarify that the unity of nature is at the end the basis for the unity of science and of our human
knowledge. The same unity of nature forces us every day once and again to avoid or at least to minimise
any possible contradictions in our thinking. However, a generally accepted uni cation of geometry
and probability theory into a one and single, powerful mathematical framework is nowhere near in
sight. Nonetheless, painstaking investigations carried out on probabilistic gedmétmd geometric
probability* - ®- 6 7 8are not completely in vain. In point of fact, especially in order to unify quantum
theory and relativity theory into a one and unique mathematical framework, such an undertaking is
desired to be successful.

1Hajek, Alan, "Interpretations of Probability”, The Stanford Encyclopedia of Philosophy (Fall 2019 Edition), Edward N. Zalta (ed.),
URL = https://plato.stanford.edu/archives/fall2019/entries/probability-interpret/.

2Menger K. (1951). Probabilistic Geometry. Proceedings of the National Academy of Sciences of the United States of America,
37(4), 226-229. https://doi.org/10.1073/pnas.37.4.226.

3Anton'n Spacek, Note on K. Menger's probabilistic geometry Czechoslovak Mathematical Journal, Vol. 6 (1956), No. 1, 72—74.
URL: http://dml.cz/dmlcz/100179

“Rota, GC. Geometric probability. The Mathematical Intelligencer 20, 11-16 (1998). https://doi.org/10.1007/BF03025223

SWendel, J. G. (1962). A Problem in Geometric Probability. MATHEMATICA SCANDINAVICA, 11, 109-112.
https://doi.org/10.7146/math.scand.a-10655

SHerbert Solomon, Geometric Probability, Society for Industrial & Applied Mathematics, U.S., 1978, 180 pages. ISBN: 978-0-
89871-025-0 (ISBN)

"Richard A.Vitale, Geometric probability Mathematical Modelling Volume 1, Issue 4, 1980, Pages 375-379
https://doi.org/10.1016/0270-0255(80)90047-0

8Henry C. Tuckwell, Chapter: Geometric probability. In: Elementary Applications of Probability Theory. Edition 2nd Edition.
First Published 1988. Imprint Chapman and Hall/CRC, ISBN 9780203758564
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2. Material and methods

Scienti ¢ knowledge and objective reality are more than interrelated. Objective reality is the foun-
dation of any scienti ¢c knowledge. Our human experience teaches us however that seen by light, grey
is never merely simply grey, and looked at from different angles, many paths may lead to climb up a
certain mountain. In general, it is appropriate to ensure as much as possible a broader consideration of
a research question and to take into account the different facets and viewpoints of an issue investigated
in order to reach a goal.

2.1. Methods

De nitions should help us to provide and assure a systematic approach to a mathematical formula-
tion of different relationships. It also goes without the need of further saying that a de nition must be
logically consistent and correct.

2.1.1. Random variables

Let arandom variable(Gosset, 1914) X denote something like a function de ned on a probability
space, which itself maps from the sample space(Neyman and Pearson, 1933) to the real numbers.

2.1.2. The Expectation of a Random Variable

De nition 2.1 (The First Moment Expectation of a Random Variable). Summaries of an entire
distribution of a random variable(see Kolmogorov, Andxgkolaevich, 1950, p. 22 ) X, such as the
expected value, or average value, are useful in order to identify where X is expected to be without
describing the entire distribution. For practical and other reasons, we shall limit ourselves here to
discrete random variables, while the basic properties of the expectation value of a random variable
X will not be investigated. Thus far, let X be a discrete random variable with the probability p(X).
The relationship between the rst moment expectation value (see Huygens and van Schooten, 1657,
Kolmogorov, AndreNikolaevich, 1950, LaPlace, 1812, Whitworth, 1901) of X, denoted by E(X), and
the probability p(X), is given by the equation:

E(X) X p(X)

Y(X) X Y (X) @)

whereY (X) is the wave-function (see Born, 1926, Satlinger, Erwin Rudolf Josef Alexander,
1926) of X,Y " (X) is the complex conjugate wave-function of X. The rst moment expectation value
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squared of a random variable X follows as
E(X)> p(X) X p(X) X
p(X) p(X) X X

(p(X) X)?
E(X) E(X)

(2)

The ongoing progress with arti cial intelligence has the potential to transform human society far be-
yond any imaginable border of human recognition and can help even to solve problems that otherwise
would not be tractable. No wonder, scientist and systems are confronted with large volumes of data
(big data) of various natures and from different sources. The use of tensor technology can simplify
and accelerate Big data analysis. In other words, |ghX.. denote an n-th index co-variant tensor

with the probability pOamn...). The rst moment expectation value (see Huygens and van Schooten,
1657, Kolmogorov, AndreNikolaevich, 1950, LaPlace, 1812, Whitworth, 1901) qiX...., denoted

by E(Xkimn...), is @ number de ned as follows:

E Xkimn... P X«kimn... Xiimn... P Ximn... \ Xkmn. .. (3)

while  or\ might denote the commutative multiplications of tensors. The rst moment expectation
value squared of a random variable X follows as

’E Xkimn. .. P Xkimn...  Xkmn... P Xdmn...  Xkmn...
P Xkimn... P Xkimn... Xkimn...  Xdmn... @)
2 p Xklmn... Xklmn...

E Xklmn... E Xklmn...

De nition 2.2 (The Second Moment Expectation of a Random Variable The second(see Kol-
mogorov, AndreNikolaevich, 1950, p. 42 ) moment expectation value (or more or less arithmetic
mean) of a (large) number of independent realizations of a random variable X follows as:

E X> pX) X2

(p(X) X) X
()
E(X) X
X E(X)
From the point of view of tensor algebra it is
E 2Xklmn... P Xkimn... 2Xklmn...
p Xiimn. .. Xiimn. .. Ximn. .. (6)

E Xklmn... Xklmn...
Xklmn... E Xklmn...
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9

De nition 2.3 (The n-th Moment Expectation of a Random Variablg. The n-th(see Baruic,
2020a, 2021) moment expectation value of a (large) number of independent realizations of a random
variable X follows as:

E(X"  p(X) X"
(p(X) X) xt (7)
E(X) X"t

2.1.3. Probability of a Random Variable

What is the nature of the probability of an event, or what is the relationship between probability and
geometry or between the probability of an event and notions like false or true. At a rst pass, various
authors answer this question, one way or another. For authors like De Morgan, probability is only a
degree of con dence, or credences or of belief. “By degree of probability, we really mean, or ought
to mean, degree of belief” (see De Morgan, 1847, p. 172). Such a purely subjective (or personalist
or Bayesian (see Bayes, 1763)) interpretation of probabilities as degrees of con dence, or credences
nds its own scienti ¢ opposition, moreover, in Kolmogorov's axiomatization of probability theory.
However, perhaps we can do better, then, to think that Kolmogorov's axiomatization of probability
theory is the last word spoken on probability theory. Nobody seriously considers that Kolmogorov's
conceptual apparatus of probability theory has solved the basic problem of any probability theory, the
relationship between classical logic or geometry and probability theory. One very massive disadvan-
tage of Kolmogorov's axiomatization of probability theory is that it is very silent especially on this
issue. Any uni cation of geometry and probability theory into one unique mathematical framework
might prove very dif cult as long as we rely purely on Kolmogorov's understanding of probability the-
ory. It's not surprising that the probability of an event bear at least directly, and sometimes indirectly,
upon central philosophical and scienti ¢c concerns. A correct understanding of probability is one of the
most important foundational scienti ¢ problems. Now let us strengthen our position with respect to the
probability of an event. In our understanding, the probability of an event is something objectively and
real. The probability of an event is the truth value of something or the degree to which something, i.e.
a random variable X, is determined by its own expectation value. The probability p(X) of a random

CAUSATION  ISSN: 1863-9542 https://www.doi.org/10.5281/zenodo.6462825 Volume 17, Issue 6, 5-63



10

variable X follows as (see equation 1)
X p(X)  E(X)

p(X) X X P(X)
X X p(X) X E(X) E X?
X X X X X2
E(X) E(X) E(X) E(X)? (8)
X X E(X) E (X?)
E(X) E(X) E(X) s (X)? s (X)?
X X E(X) X X (1 p(X) E(X?
Y(X) Y (X)

whereY (X) is the wave-function of XY " (X) is the complex conjugate wave-function of X. As soon
as the probability p(X) of an event X is determined, the probability of its own other, 1 - p(X), the
complementary of X, the opposite of X, anti X, is determined too. We obtain

X p0) , E() X E(X) X E(X) EX

1 p(X) 1 X X X X X x PX)
L X X p(X) X E(X) EX* Xx? EX* X* EX
X X X X X2 X2 X2 X2
, B EC) B0 E(X? ©)
X X E(X) E(X?)
1 EX) . E(X) E(X) s (X)2 1 s (X)?
X X E(X) X X (1 p(X) E(X?)

1 Y(X) Y (X)

In our understanding, there are conditions where probability theory / statistics is related with geometry
(i.e. Pythagorean theorem, Euclid's theorem et cetera) (see also gure 1) by the equation:

a> E X? (10)

Further research should be able and might provide convincing evidence whether - and to what extent -
equation 10 makes any sense at all. However, none of this relieves us of our duty to seriously consider
the possibility of negative probabilities (see theorem 3.38 Bzt R019b, pp. 67-68) like

py =) (11)
Itis
£1 P+ PX) PO+ PX) C (12

as illustrated by gure 1 and equally

+172 (1 p(XP+(1 (1 p(X) (1 (p(X)+ p(X)) C?
a’+ b? (13)
C2
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Figure 1. Geometry and probability theory.

The distributions of properties of geometric objects like length, area, volume, etc. is studied by
geometric probability (see Klain and Rota, 1997, Milman, Vitali D., 2008, Solomon, 1978) too. In
other words, probability is involved in geometiigxample. Let the length of a line C be C = 10 cm.

Let X denote the length of a sub-line of C. Let X =5 cm. The probability p(C = X ) is calculated
as p(C=X)=5/10=1/2. However, as can be seen by gure 1, probability and geometry are not
only deeply interrelated. In contrast to Menger's approacprtdabilistic geometry (see Menger,
1951, 2003, Milman, Vitali D., 2008Spaek, 1956), probability theory can be de ned by geometry,
completely and potentially vice versa too. The known trigonometrical functions are one geometric way
to formulate probabilities of events. In consideration of the preceding gure 1 before and the general
de nition of the function sine, denoted as sin, it is

a 2px

> — p(X) (14)

and

sifa (sina)? sina sina 2 a2 pX) Y(X) Y (X) (@15)

Ol
N
[l ]

Against the background of gure 1 and the general de nition of the function cosecant, denoted as
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csc, itis L L
C
csca - - pP—— 16
a a ?p(X) (10)
and equally.
c 1 1 1
cs¢éa (csca)? csca csca - 2 - 2 - _—_ 17
In general it is
sina csca +1 (18)

In the light of gure 1 above, and the de nition the function cosine, denoted as cos, it is

[;2)_
cosa tE) b p(X)

1 1 p(X) (19)

and at the same time

coa (cosa)? cosa cosa t_(: 2 k—l) 2 P pX) 1 Y(X) Y (X) (20

Claudius Ptolemy (c. 85 —c. 165 CE), a very in uential Greek astronomers of his time, developed
a geocentric theory of our solar system (Almagest, (see Ptolemaeus, Claudius, 1952)) that prevailed
for more than 1400 years until overthrown by the heliocentric theory of Copernicus in the De revolu-
tionibus of 1543 (see Copernici, Nicolai, 1543). Ptolemy's "Almagest'is a scienti ¢ text longer in use
than Isaac Newton's Principia (see Newton, 1687). The rst known astronomical observation made
by Ptolemy was on 26 March 127 while the last one was made on 2 February 141. In fact, it must be
treated as relatively sure that Ptolemy already knew about the relationship

sifa+cofa +1 (21)

known asPtolemy's theorem (see Ptolemaeus, Claudius, 1952, Book 1, Chapter 10) which is mean-
while identi ed in more detail as

sifa+cofa pX)+ pX) +1 (22)

or the Pythagorean theorem in the language of trigopnometry. We are justi ed in asking whether the
expectation value of an angée denoted as E&(), might be given by the equation

E(a) a sirfa (23)
whether E&?) would be given by the equation
E a? a a sirfa (24)
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Under these assumptions, the variaaga )? of an angle would follow as

s(a)? E a’? E(a)? a a sira 1 sirfa (25)

Having regard to gure 1 above and on the basis of the de nition of the function secant, denoted by
sec, itis

c 1 1
seca ~ - B— 26
b b = p(X) (20
and equally
se@a (seca)? seca seca = 2 1. 1 (27)
b b p(X)
cosa seca +1 (28)

On the basis of a presentation by gure 1 and the known de nition of the function tangent, denoted
astan,itis

a s
sina ¢ a p(xX) , p(X)
c ¢ L s 2
tana cosa 9 b W 0(X) (29)
c
and equally
a2
sina sina sifra = a p(X)
tar’ t 2 q(t t = =22 (30
ara (tana)® (tana) (tana) cosa cosa cofa b2 b2 p(X) (30)
c2
In view of gure 1 and the de nition of cotangent, denoted as cot, it is
B —— S
X
cota b QE 2 P(X) (31)
a p(X) p(X)
Furthermore, it is
b*  p(X)
2 ta)? t t fa — 32
cot“a (cota) (cota) (cota) cot“a 2 p(X) (32)
Based on the ndings as explained before and by gure 1itis
tana cota +1 (33)

Some relationships before are demonstrated by a unit circle (see gure 2), i.e. a circle of unit radius
— that is, a radius of 1.
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Figure 2. Geometry, probability theory and unit circle.

An undeniable consequence of the previous explanations is that the “local hidden variable” (see

Bohm, 1952, De Broglie, Louis, 1927), denotedX), is determined by the relationship

E(X) X cofa s (%) s (%)

EX) Y(X) X Y'(X)

while the variance from the point of view of geometry is given as

s(X)2 E X? E(X)?

X p(X)) X (1 p(X)
X sifra X 1 sirfa

X sifa X cofa

X2  sirfa cof a
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From the point of view of tensor algebra, we obtain

0 Xamn. Xumn... P Xkmn... E Xumn...
Xkimn... Xkimn...
Xumn... Xkmn... P Xuimn... E Xumn...
Xiimn...  Xkimn... 2Xkimn. .. (36)
E Xkmn... E Xumn... ZE Xkimn...
E Xkmn... Xkimn. .. E 2Xklmn...

Y XkImn... Y* Xklmn...

whereY Xgmn... is the wave-function tensor ofdfn. ., Y~ Xwmn... iS the complex conjugate
wave-function tensor of ¥mn. ..
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2.1.4. Variance of a Random Variable

De nition 2.4 (The Variance of a Random Variablg. Johann Carl Friedrich Gaul (1777-1855) in-
troduced the normal distribution and the error of mean squared in his 1809 monograph(see Gaul3,
Carl Friedrich, 1809). In the following, Karl Pearson (1857-1936) coined the term “standard de-
viation”in 1893. Pearson is writing: “Thers will be termed its standard-deviation (error of mean
square).’(see Pearson, 1894, p. 80). Finally, the term variance was introduced by Sir Ronald Aylmer
Fisher (1890-1962) in the year 1918.

“The ... deviations of a ... measurement from its mean ... may be ... measured by the standard
deviation corresponding to the square root of the mean square error ... Itis ... desinable
analysing the causes. to deal with the square of the standard deviation as the measure g

variability. We shall term this quantity the Variance... ”

-

(see Fisher, Ronald Aylmer, 1919, p. 399)

The deviation of a random variable X from its population mean or sample mean E(X) has a central
role in statistics and is one important measure of dispersion. The varig(¥? (see Kolmogorov,
Andre Nikolaevich, 1950, p. 42 ), the second central moment of a distribution, is the expectation value
of the squared deviation of a random variable X from its own expectation value E(X) and is determined
in general as (see equation 5):

s(X)2 E X2 E(X)?
(X E(X)) E(X)?

(37)
E(XX) (X E(X))
E(X) EX)
while E(X) X E(X). From the point of view of tensor algebra, it is
’s Xkimn... E 2>(klmn... ’E Xkimn. ..
Xamn... E Ximn... °E Xkimn. .. (38)
E >(klmn... Xklmn... E Xklmn...
E Xkimn... E Xumn...
while E Xximn. .. Xkimn... E Xwmn... . As demonstrated by equation 38, variance depends
not just on the expectation value of what has actually been obs&vedymn... , but also on the

expectation value that could have been observed but wer&Endtmn... ). There are circumstances
in quantum mechanics where this fact is called the local hidden variable. Even if his might strike us
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as peculiar, varianceis primarily a mathematical method which is of use in order to evaluate speci ¢
hypotheses in the light of some empirical facts. However, as a mathematical tool or method, variance
is also a scienti ¢ description of a certain part of objective reality too. In this context, as a general
mathematical principle, one fundamental meaning of variance is to provide a logically consistent link
between something and its own other, between X and anti X.

“The variance in this sense is a measure of the inner contradictions of a random variable} of
changes, of struggle within this random variable itself, or the gresa(¥) 2 of a random variable,
the greater the inner contradictions of this random variable. ”

(see Barukic, 2006a, p. 57)

All things considered, we can safely say that, on the whblkeyariance is a mathematical descrip-
tion of the philosophical notion of the inner contradiction of a random variable X (see Hegel,
1812, 1813, 1816) . Based on equation 37, it is

E X2 E(X)?+s(X)? (39)
> E(X)? s(X)? (X)?
S S
£ + EXD) p(X)+ EXD) +1 (40)

In other words, the variance (see Batigk 2006b) of a random variable is a determining part of the
probability of a random variable. The wave functigrfollows in general, as

1 s (X)?2
YO o E)
E X2 s(X)?
Y ) E(X)
1 2 2
v exy © X °% @)
1 2
v Ex) -
1 E(X)?
Y (X) EXD
1
oo % E®

The wave function (see Born, 1926) of a quantum-mechanical system is a central determining
part of the Schidinger wave equation (see Sotimger, Erwin Rudolf Josef Alexander, 1926, 1929,
1952).

SRomeijn, Jan-Willem, "Philosophy of Statistics”, The Stanford Encyclopedia of Philosophy (Spring 2022 Edition), Edward N.
Zalta (ed.), forthcoming URL = https://plato.stanford.edu/archives/spr2022/entries/statistics/.

CAUSATION  ISSN: 1863-9542 https://www.doi.org/10.5281/zenodo.6462825 Volume 17, Issue 6, 5-63



18

De nition 2.5 (The First Moment Expectation of a Random Variable of X (anti X)). In general,
let E(X) be de ned as

E(X) X EX) X (X p(X)) X (+1 p(X)) (42)
and denote an expectation value of a (discrete) random variable anti X with the probability
p(X) 1 p(X) (43)

The rst moment expectation value (see Huygens and van Schooten, 1657, KolmogoroviNiadre
laevich, 1950, LaPlace, 1812, Whitworth, 1901) of anti X, denoted a$, E>& number de ned as
follows:

E(X) X (X p(X)) X (1 p(X) X pX) (44)

The rst moment expectation value squared of a random variable anti X follows as

E(X)? p(X) X pX) X
p(X) p(X) X X

(P(X) X)?
E(X) E(X)

(45)

De nition 2.6 (The Second Moment Expectation of a Random Variable of Xanti X)). The sec-
ond(see Kolmogorov, Andrélikolaevich, 1950, p. 42 ) moment expectation value (or more or less
arithmetic mean) of a (large) number of independent realizations of a random variable anti X follows
as:
E X pX) X

(p(X) X) X

E(XX) X

X E(X)

(46)

De nition 2.7 (The n-th Moment Expectation of a Random Variable of X (anti X)). The n-th(see
Barukcic, 2020a, 2021) moment expectation value of a (large) number of independent realizations of
a random variable anti X follows as:

E(XX") pX) X"
(p(X) X) x"t (47)
E(X) X"t

De nition 2.8 (The Co-Variance of a Random Variablg. Sir Ronald Aylmer Fisher (1890 -1962)
introduced the term covariance (see Bailey, 1931) in the year 1930 in his book as follows:
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“It is obvious too that where a considerable fraction of the variance is contributed by chance
causes, the variance of any group of individuals will be in ated in comparison with the covariances
between related groups ... ”

(see Fisher, Ronald Aylmer, 1930, p. 195)

In general, the co-variance is de ned as given by equation 48.

s (X;Y)  EXY) (E(X) E(Y)) (48)

From the point of view of tensor algebra, it is

S Xmn...; Ykimn. .. E Xumn...;Ykimn. .. E Xumn... E Yimn... (49)

2.1.5. Geometry

2.1.5.1. Euclid's theorem In general, Euclid's (ca. 360-280 BC) so-called right triangle altitude
theorem or the geometric mean theorem or Euclid's theorem, published as a corollary to proposition
8 in Book VI of Euclid's Elements (see also Euclid, of Alexandria (300 BCE), 1893) and used in
proposition 14 of Book Il to square a rectangle is de ned (see BatyR013, 2015, 2016) as

RDtZ E (th) E (th)
(E(th) th) (E(th) th)

RXt RXt
(207 (D) 0
thz
s (Xp)?

wheres (X;) 2 is the variance of the random variable Xhe variancc—;;D[2 s (X¢) 2 of aright-angled
triangle is illustrated by Fig. 3 in more detail.
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Figure 3. Euclid's theorem.
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