
CAUSATION
🌍

International Journal of Science

CAUSATION, 17(10): 5–127

DOI:110.5281/zenodo.6799453
Received: June 26, 2022
Accepted: June 26, 2022
Published: July 5, 2022
Deutsche Nationalbibliothek Frankfurt

BCG vaccination excludes Crohn’s disease
relapse.
Research article

Ilija Barukčić1
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Abstract

Background:

The incidence of nontuberculous mycobacterial (NTM) infections including Mycobacterium
avium subspecies paratuberculosis (MAP) infections is increasing worldwide. Should we rely on
the protective effect of BCG vaccination of humans against NTM too?

Methods:

The relationship between BCG vaccination and Crohn’s disease relapse has been re-analysed.

Results:

The data of the study of Burnham et al. are to some extent biased. Nonetheless, the evidence
provided by the study of Burnham et al. cannot be ignored.

Conclusion:

BCG vaccination excludes Crohn’s disease relapse.

Keywords: BCG vaccination; Crohn’s disease relapse; Cause; Effect; Causal relationship k;
Causality; Causation

1. Introduction

Crohn’s (see Crohn et al., 1932) disease (CD) and ulcerative colitis (UC) are two related but
distinct disorders of inflammatory bowel diseases (IBD). In contrast to UC, CD is a transmural patchy
inflammation of one or more segments of the digestive tract. Remissions and relapses are typical
for CD. Crohn’s disease is an inflammatory disorder of known (see Barukčić, 2018) but still not
accepted etiology with immunologic, genetic, and various other environmental influences discussed.
The incidence and prevalence of Crohn’s disease is increasing worldwide and with it the number of
therapeutic options. However, besides of the rapidly increasing therapeutic options, a definite cure of
CD is still not in sight. Exclusive enteral nutrition and corticosteroids (success rate around 80%) are
used for induction of remission. 1 , 2 The success rate of various treatment options for induction and

1Büller HA. Objectives and outcomes in the conventional treatment of pediatric Crohn’s disease. J Pediatr Gastroenterol Nutr. 2001
Sep;33 Suppl 1:S11-8. doi: 10.1097/00005176-200109001-00003. PMID: 11685970.

2Benchimol EI, Seow CH, Steinhart AH, Griffiths AM. Traditional corticosteroids for induction of remission in Crohn’s disease.
Cochrane Database Syst Rev. 2008 Apr 16;2008(2):CD006792. doi: 10.1002/14651858.CD006792.pub2. PMID: 18425970; PMCID:
PMC6718222.
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maintenance of remission for CD like 5-ASA, azathioprine/6-MP3 , methotrexate4 , 5 and biologics
including TNF 6 , 7 , 8 alpha antagonists varies extremely. Amazingly and curious enough, it has
been observed that incidence rates of human TB in counties in England were lowest where exposure
to bovine TB was highest9 , 10 and so much more. By time, TB rates dropped and several countries
discontinued BCG vaccination. It is unmistakably the case that soon after, the incidence rates of
disease due to nontuberculosis mycobacteria increased.11 Behr et al. found12 that declining rates
of incidence of tuberculosis were accompanied with increasing incidence of Crohn's disease. To this
end, we present our own representation (see �gure 1 and �gure 2) based on the graphic of Behr et
al. 13 All these �ndings suggested to some extent that a mycobacterial infection may have a role in
the etiology of CD. Indeed, meanwhile we all know it better than anyone, Mycobacterium is not only
involved in the pathogenesis of Crohn's disease,Mycobacterium avium subspecies paratuberculosis
(MAP) is the cause of Crohn's disease(see Baruk�cić, 2018). Unfortunately it appears that we are
completely powerless against MAP, the cause of CD. In point of fact, it should be noted, however, that
there is a possible vaccination14 against a mycobacterial infection. Bacille Calmette–Guerin (BCG)
vaccination15 has been prepared from attenuated live bovine tuberculosis bacillus Mycobatrium bovis
and is still the only vaccine to �ght down tuberculosis (TB), the result of infection by Mycobacterium
tuberculosis. BCG is at the same time the most widely used vaccine in human history.16 In particular, it
is worth pointing out, lastly, that Bacillus Calmette Guerin vaccine itself stimulates especially cellular

3Chande N, Townsend CM, Parker CE, MacDonald JK. Azathioprine or 6-mercaptopurine for induction of remission in Crohn's
disease. Cochrane Database Syst Rev. 2016 Oct 26;10(10):CD000545. doi: 10.1002/14651858.CD000545.pub5. PMID: 27783843;
PMCID: PMC6464152.

4McDonald JW, Wang Y, Tsoulis DJ, MacDonald JK, Feagan BG. Methotrexate for induction of remission in refractory Crohn's
disease. Cochrane Database Syst Rev. 2014 Aug 6;2014(8):CD003459. doi: 10.1002/14651858.CD003459.pub4. PMID: 25099640;
PMCID: PMC7154581.

5Wang Y, MacDonald JK, Vandermeer B, Grif�ths AM, El-Matary W. Methotrexate for maintenance of remission in ulcerative
colitis. Cochrane Database Syst Rev. 2015 Aug 11;2015(8):CD007560. doi: 10.1002/14651858.CD007560.pub3. PMID: 26263042;
PMCID: PMC6486092.

6Akobeng AK, Zachos M. Tumor necrosis factor-alpha antibody for induction of remission in Crohn's disease. Cochrane Database
Syst Rev. 2004;2003(1):CD003574. doi: 10.1002/14651858.CD003574.pub2. PMID: 14974022; PMCID: PMC8721561.

7Sandborn WJ, Rutgeerts P, Enns R, Hanauer SB, Colombel JF, Panaccione R, D'Haens G, Li J, Rosenfeld MR, Kent JD, Pollack
PF. Adalimumab induction therapy for Crohn disease previously treated with in�iximab: a randomized trial. Ann Intern Med. 2007 Jun
19;146(12):829-38. doi: 10.7326/0003-4819-146-12-200706190-00159. Epub 2007 Apr 30. PMID: 17470824.

8Hanauer SB, Sandborn WJ, Rutgeerts P, Fedorak RN, Lukas M, MacIntosh D, Panaccione R, Wolf D, Pollack P. Human anti-tumor
necrosis factor monoclonal antibody (adalimumab) in Crohn's disease: the CLASSIC-I trial. Gastroenterology. 2006 Feb;130(2):323-33;
quiz 591. doi: 10.1053/j.gastro.2005.11.030. PMID: 16472588.

9FRANCIS J. Control of infection with the bovine tubercle bacillus. Lancet. 1950 Jan 7;1(6593):34-9. doi: 10.1016/s0140-
6736(50)90236-4. PMID: 15398223.

10Behr MA, Bruere P, Oxlade O. Global rates of Crohn's disease. In�amm Bowel Dis. 2008 Aug;14(8):1170-2. doi:
10.1002/ibd.20435. PMID: 18340644.

11Romanus V, Hallander HO, Whlén P, Olinder-Nielsen AM, Magnusson PH, Juhlin I. Atypical mycobacteria in extrapulmonary
disease among children. Incidence in Sweden from 1969 to 1990, related to changing BCG-vaccination coverage. Tuber Lung Dis. 1995
Aug;76(4):300-10. doi: 10.1016/s0962-8479(05)80028-0. PMID: 7579311.

12Behr MA, Bruere P, Oxlade O. Global rates of Crohn's disease. In�amm Bowel Dis. 2008 Aug;14(8):1170-2. doi:
10.1002/ibd.20435. PMID: 18340644.

13Behr MA, Bruere P, Oxlade O. Global rates of Crohn's disease. In�amm Bowel Dis. 2008 Aug;14(8):1170-2. doi:
10.1002/ibd.20435. PMID: 18340644.

14Dow CT. Proposing BCG Vaccination for Mycobacterium avium ss. paratuberculosis (MAP) Associated Autoimmune Diseases.
Microorganisms. 2020 Feb 5;8(2):212. doi: 10.3390/microorganisms8020212. PMID: 32033287; PMCID: PMC7074941.

15Calmette A. Preventive Vaccination Against Tuberculosis with BCG. Proc R Soc Med. 1931 Sep;24(11):1481-90. PMID:
19988326; PMCID: PMC2182232.

16McShane H. Tuberculosis vaccines: beyond bacille Calmette-Guerin. Philos Trans R Soc Lond B Biol Sci. 2011 Oct
12;366(1579):2782-9. doi: 10.1098/rstb.2011.0097. PMID: 21893541; PMCID: PMC3146779.
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Figure 1. CD incidence rates
and TB incidence rates, 1999

Figure 2. CD incidence rates
and TB incidence rates, 2005

immunity 17 and is effective not only against Mycobacterium tuberculosis but against other18 , 19 ,

20 pathogenic mycobacteria like Mycobacterium avium, Mycobacterium leprae and Mycobacterium
ulcerans too.21 Nonetheless, theoretically, BCG vaccine may have a role in the treatment of CD. Thus
far, it is hardly surprising that Geffroy et al.22 used BCG vaccine as immunotherapy for the treatment
of CD and claimed to have been successful. However, other studies23 failed to show any signi�cant
therapeutic effect of (oral) BCG vaccine over placebo in CD. Discussion raised the issue of whether
Bacillus Calmette Guerin vaccine24 is of any help at all in the management of Crohn's disease. Is
there a truth in this matter, and if so, where can we �nd the same?

Let Mbt denote the number of all Myocobacterium positive cases in a human population at a certain
(period) time t. Let Mtbt denote the number of Myocobacterium tuberculosis positive cases in a human
population of the same (period) time t. Let Mtbt denote the number of all Myocobacterium positive
cases in a human population of the same (period) time t which are not Myocobacterium tuberculosis
positive, in other words all other Mycobacterium cases like MAP et cetera but not Myocobacterium
tuberculosis. Is there any relationship between mycobacterial infection with a population?

Mbt � Mbt � Mtbt + Mtbt � Mtbt + Mbtt (1)

17Rousseau MC, Parent ME, St-Pierre Y. Potential health effects from non-speci�c stimulation of the immune function in early age:
the example of BCG vaccination. Pediatr Allergy Immunol. 2008 Aug;19(5):438-48. doi: 10.1111/j.1399-3038.2007.00669.x. Epub
2007 Dec 27. PMID: 18167158.

18Mande R. Les nouvelles vaccinations [The new vaccinations]. Cah Coll Med Hop Paris. 1968 Jun;9(7):667-70. French. PMID:
5678820.

19Mande R. Les nouvelles vaccinations [The new vaccinations]. Cah Coll Med Hop Paris. 1968 Jun;9(7):667-70. French. PMID:
5678820.

20Zimmermann P, Finn A, Curtis N. Does BCG Vaccination Protect Against Nontuberculous Mycobacterial Infection? A Systematic
Review and Meta-Analysis. J Infect Dis. 2018 Jul 24;218(5):679-687. doi: 10.1093/infdis/jiy207. PMID: 29635431.

21Dow CT. Proposing BCG Vaccination for Mycobacterium avium ss. paratuberculosis (MAP) Associated Autoimmune Diseases.
Microorganisms. 2020 Feb 5;8(2):212. doi: 10.3390/microorganisms8020212. PMID: 32033287; PMCID: PMC7074941.

22Geffroy Y, Colin R, Segrestin M, Hecketsweiler P. B.C.G. treatment in Crohn's disease. Lancet. 1970 Sep 12;2(7672):571-2. doi:
10.1016/s0140-6736(70)91381-4. PMID: 4195236.

23El-Matary W, Yap J, Deora V, Singh H (2018) Bacillus Calmette Guerin (BCG) Vaccine for Inducing and Maintaining Remission
in Crohn's Disease: A Systematic Review. J Clin Gastroenterol Hepatol Vol.2: No.1:6.

24Burnham WR, Lennard-Jones JE, Hecketsweiler P, Colin R, Geffroy Y. Oral BCG vaccine in Crohn's disease. Gut. 1979
Mar;20(3):229-33. doi: 10.1136/gut.20.3.229. PMID: 374194; PMCID: PMC1412307.
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Normalising equation 1 (as illustrated by �gure 1 and �gure 2), we obtain

Mtbt

Mbt
+

Mtbt

Mbt
�

Mbt

Mbt
� + 1 (2)

In other words, the higher the frequency or probability of Mycobacterium tuberculosis cases
Mtbt

Mbt
, the

lower the frequency or probability of other mycobacterial cases
Mtbt

Mbt
and vice versa. The question that

springs to mind here is why is there such a dependence or relationship. MAP infections should occur
independently of any Mtb infections which is not the case in reality (see �gure 1 and �gure 2). Even in
these less than perfect circumstances we need to consider the possibility that a Mtb infection can protect
against other non Mtb infections and vice versa. Behr et al.25 provided the �rst epidemiological proof
(see �gure 1 and �gure 2) that myocbacterium is part of the etiology of CD.

Figure 3. The relationship between X and Anti X.

Under ideal conditions,
the fundamental relationship
between
X and Anti X
is given as

p(X) + p(Anti X) = + 1.

2. Material and methods

Scienti�c knowledge and objective reality are more than only interrelated. It cannot be repeated
often enough that objective reality or processes of objective reality is the foundation of any scienti�c
knowledge. Our human experience teaches us however that seen by light, grey is never merely simply
grey, and looked at from different angles, many paths may lead to climb up a certain mountain. In
general, it is appropriate to ensure as much as possible a broader consideration of a research question
and to take into account the different facets and viewpoints of an issue investigated in order to reach a
goal.

25Behr MA, Bruere P, Oxlade O. Global rates of Crohn's disease. In�amm Bowel Dis. 2008 Aug;14(8):1170-2. doi:
10.1002/ibd.20435. PMID: 18340644.
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2.1. Material

2.1.1. The 1979 study of Burnham et al.

Burnham et al. conducted a randomised double-blind trial over one year to compare oral BCG
group (verum) with a control (placebo) in the treatment of Crohn's disease. “Of the 50 patients� � �
24 were allocated to BCG and 26 to placebo� � � The disease relapsed in three patients taking BCG
and seven taking the placebo ”26 Burnham et al. concluded that no signi�cant bene�t from oral BCG
in the treatment of Crohn's disease has been demonstrated. The data of Burnham et al. have been
re-analysed.

2.1.2. Statistical methods

The probability of the exclusion (Baruk�cić, 2021c) relationship(see also Baruk�cić, 2021a)
p(EXCL) has been calculated and tested for statistical signi�cance. The chi-square goodness of �t
test with one degree of freedom has been used to test whether the sample data published �t a certain
theoretical distribution in the population. Additionally, the P Value has been calculated approximately
(see also Baruk�cić, 2019e). The causal relationship k (Baruk�cić, 2016b, 2020a, 2021c) has been cal-
culated to evaluate a possible causal relationship between the events. The hyper-geometric (Fisher,
1922, Gonin, 1936, Huygens and van Schooten, 1657, Pearson, 1899) distribution (HGD) has been
used to test the one-sided signi�cance of the causal relationship k. Bringing different studies together
for analysing them or doing a meta-analysis is not without problems. Due to several reasons, there
is variability in the data of the studies and there will be differences found. Usually, the heterogeneity
among the studies is assessed through I2 statistics27 , 28 , 29. Under usual circumstances, an I2 value
of 25%, 50% and 75% are regarded as low, moderate and high heterogeneity30. In this publication, the
study (design) bias and the heterogeneity among the studies has been controlled by IOI, the index of
independence (Baruk�cić, 2019c) and IOU, the index of unfairness (Baruk�cić, 2019d). All the data
were analysed using MS Excel (Microsoft Corporation, USA).

P values less than 0.05 were considered statistically signi�cant.

26Burnham WR, Lennard-Jones JE, Hecketsweiler P, Colin R, Geffroy Y. Oral BCG vaccine in Crohn's disease. Gut. 1979
Mar;20(3):229-33. doi: 10.1136/gut.20.3.229. PMID: 374194; PMCID: PMC1412307.

27Cochran WG. The combination of estimates from different experiments. Biometrics 1954; 10(1): 101-29.
28Higgins JP, Thompson SG. Quantifying heterogeneity in a meta-analysis. Stat Med. 2002 Jun 15;21(11):1539-58. doi:

10.1002/sim.1186. PMID: 12111919.
29Higgins JP, Thompson SG, Deeks JJ, Altman DG. Measuring inconsistency in meta-analyses. BMJ. 2003 Sep 6;327(7414):557-60.

doi: 10.1136/bmj.327.7414.557. PMID: 12958120; PMCID: PMC192859.
30Higgins JP, Thompson SG, Deeks JJ, Altman DG. Measuring inconsistency in meta-analyses. BMJ. 2003 Sep 6;327(7414):557-60.

doi: 10.1136/bmj.327.7414.557. PMID: 12958120; PMCID: PMC192859.
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2.2. Methods

De�nitions should help us to provide and assure a systematic approach to a scienti�c issue. It also
goes without the need of further saying that a de�nition as such need to be logically consistent and
correct.

2.2.1. Random variables

As highlighted especially by Albert Einstein (1879-1955) and his coworkers Boris Yakovlevich
Podolsky (1896-1966) and Nathan Rosen (1909-1995), “... objective reality ... is independent of any
theory ... ”31 (see Einstein et al., 1935, p. 777), objective reality is independent of any observer and
of any perceiving subject, objective reality is independent of any measurements. Let us carry this point
to epistemological extremes, objective reality is existing independently and outside of human mind
and consciousness. However, in its own self-sameness objective reality is different from a random
variable too and self-contradictory. Nonetheless, in its difference, in its own contradiction, a random
variable itself is self-identical and is in its own self a transition of itself into the other of itself and
vice versa. Lastly, a random variable as such is in its own self the opposite of itself. More or less, a
random variable is in its own self the unity of identity and difference and �nds its own completion in
the determinate relationship of self-identity and difference. A random variable as such is in its own
self self-identical and different. This has at least a twofold aspect, identity and difference constitute the
determinations of a random variable itself. These two moments of a random variable which are merely
different in one and the same identity are constituting as moments of difference the determinations
of an opposition too. A self-identical and a different constitute equally the interior nature of itself in
relation to one another. The self-identical, determined with reference to an otherness, has within itself
the reference-to-other which is the determinateness of the self-identical itself. The difference contains
within itself the reference to its non-being, to identity, and vice versa. Identity contains within itself
the reference to its non-being, to difference. However, a random variable as such is itself and its other
and the identity of difference with itself is at the end a self-reference too. Consequently, a random
variable as such has its own determinateness not in an other, but in its own self, it is self-referred,
while the reference to its other manifests itself as a self-reference. The other of itself which a random
variable as such contains is also the non-being of that in which it is supposed to be contained only as a
moment. A random variable as such therefore is, only in so far as its non-being is, and is in an identical
relationship with it. The moments of a random variable are different in one and the same identity and
as moments of difference are constituting the determinations of an opposition. Closer consideration
shows that a random variable as such is only in so far as the same contains a reference to its non-being,
to its own other moment (i.e. local hidden variable). A self-identical which is equally a different too is
thus far determining an opposition as such. While the one is not as yet self-identical, the other is not
as yet different. However, both are different to one another. Nonetheless, the indifference of a random
variable as such towards another random variable distinguished from the same has no in�uence on the
fact that a random variable as such is in its own self the unity of identity and difference. At the end, a

31Einstein, A; B Podolsky; N Rosen (1935-05-15). ”Can Quantum-Mechanical Description of Physical Reality be Considered
Complete?” (PDF). Physical Review. 47 (10): 777–780. DOI:https://doi.org/10.1103/PhysRev.47.777
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random variable as such is, only in so far as the other is; it is what it is, through the other, through its
own non-being. A random variable is, in so far as the other is not; it is what it is, through the non-being
of its own other.

The notion something is widely taken for granted as a foundation of axioms, theorems and theories.
But, very broadly put, there are many different kinds of very concrete, single entities with real world
implications. Thus far, what is something, what is its own other? In the most general way, there are
circumstances where something and its own other existing independently and outside of human mind
and consciousness is described mathematically by the notion random variable. Let arandom variable
(Gosset, 1914) X denote something like a function de�ned on a probability space, which itself maps
from the sample space (Neyman and Pearson, 1933) to the real numbers.

2.2.1.1. The Expectation of a Random Variable

De�nition 2.1 (The First Moment Expectation of a Random Variable). Summaries of an entire
distribution of a random variable (see Kolmogorov, Andre�� Nikolaevich, 1950, p. 22 ) X, such as
the expected value, or average value, are useful in order to identify where X is expected to be without
describing the entire distribution. For practical and other reasons, we shall limit ourselves here to
discrete random variables, while the basic properties of the expectation value of a random variable
X will not be investigated. Thus far, let X be a discrete random variable with the probability p(X).
The relationship between the �rst moment expectation value (see Huygens and van Schooten, 1657,
Kolmogorov, Andre�� Nikolaevich, 1950, LaPlace, 1812, Whitworth, 1901) of X, denoted by E(X), and
the probability p(X), is given by the equation:

E(X) � X � p(X)

� Y (X) � X � Y * (X)
(3)

whereY (X) is the wave-function (see Born, 1926, Schrödinger, Erwin Rudolf Josef Alexander,
1926) of X,Y * (X) is the complex conjugate wave-function of X. Under conditions wherep(X) � + 1
equation 3 (see p. 12) becomes

E(X) � X (4)

but not general. The �rst moment expectation value squared of a random variable X follows as

E(X) 2 � p(X) � X � p(X) � X

� p(X) � p(X) � X � X

� (p(X) � X) 2

� E (X) � E (X)

(5)

The ongoing progress with arti�cial intelligence has the potential to transform human society far be-
yond any imaginable border of human recognition and can help even to solve problems that otherwise
would not be tractable. No wonder, scientist and systems are confronted with large volumes of data
(big data) of various natures and from different sources. The use of tensor technology can simplify and

CAUSATION ISSN: 1863-9542 https://www.doi.org/110.5281/zenodo.6799453 Volume 17, Issue 10, 5–127



13

accelerate Big data analysis. In other words, let Xklmn. . . denote an n-th index co-variant tensor with
the probability p(Xklmn. . .). The �rst moment expectation value (see Huygens and van Schooten,
1657, Kolmogorov, Andre�� Nikolaevich, 1950, LaPlace, 1812, Whitworth, 1901) of Xklmn. . . , denoted
by E(Xklmn. . .), is a number de�ned as follows:

E
�
Xklmn. . .

�
� p

�
Xklmn. . .

�
� Xklmn. . . � p

�
Xklmn. . .

�
\ Xklmn. . . (6)

while � or \ might denote the commutative multiplications of tensors. The �rst moment expectation
value squared of a random variable X follows as

2E
�
Xklmn. . .

�
� p

�
Xklmn. . .

�
� Xklmn. . . � p

�
Xklmn. . .

�
� Xklmn. . .

� p
�
Xklmn. . .

�
� p

�
Xklmn. . .

�
� Xklmn. . . � Xklmn. . .

� 2 �
p

�
Xklmn. . .

�
� Xklmn. . .

�

� E
�
Xklmn. . .

�
� E

�
Xklmn. . .

�

(7)

De�nition 2.2 (The Second Moment Expectation of a Random Variable). The second (see Kol-
mogorov, Andre�� Nikolaevich, 1950, p. 42 ) moment expectation value (or more or less arithmetic
mean) of a (large) number of independent realizations of a random variable X follows as:

E
�
X2�

� p(X) � X2

� ( p(X) � X) � X

� E (X) � X

� X � E(X)

(8)

From the point of view of tensor algebra it is

E
�

2Xklmn. . .

�
� p

�
Xklmn. . .

�
� 2Xklmn. . .

�
�
p

�
Xklmn. . .

�
� Xklmn. . .

�
� Xklmn. . .

� E
�
Xklmn. . .

�
� Xklmn. . .

� Xklmn. . . � E
�
Xklmn. . .

�

(9)

De�nition 2.3 (The n-th Moment Expectation of a Random Variable). The n-th (see Baruk�cić,
2020a, 2021c) moment expectation value of a (large) number of independent realizations of a random
variable X follows as:

E(Xn) � p(X) � Xn

� ( p(X) � X) � Xn-1

� E (X) � Xn-1

(10)
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2.2.1.2. Probability of a Random Variable What is the nature of the probability of an event, or
what is the relationship between probability and geometry or between the probability of an event and
notions like false or true. At a �rst pass, various authors answer this question, one way or another.
For authors like De Morgan, probability is only a degree of con�dence, or credences or of belief. “By
degree of probability, we really mean, or ought to mean, degree of belief” (see De Morgan, 1847,
p. 172). Such a purely subjective (or personalist or Bayesian (see Bayes, 1763)) interpretation of
probabilities as degrees of con�dence, or credences �nds its own scienti�c opposition, moreover, in
Kolmogorov's axiomatization of probability theory. However, perhaps we can do better, then, to think
that Kolmogorov's axiomatization of probability theory is the last word spoken on probability theory.
Nobody seriously considers that Kolmogorov's conceptual apparatus of probability theory has solved
the basic problem of any probability theory, the relationship between classical logic or geometry and
probability theory. One very massive disadvantage of Kolmogorov's axiomatization of probability
theory is that it is very silent especially on this issue. Any uni�cation of geometry and probability
theory into one unique mathematical framework might prove very dif�cult as long as we rely purely on
Kolmogorov's understanding of probability theory. It's not surprising that the probability of an event
bear at least directly, and sometimes indirectly, upon central philosophical and scienti�c concerns. A
correct understanding of probability is one of the most important foundational scienti�c problems.
Now let us strengthen our position with respect to the probability of an event. In our understanding,
the probability of an event is something objectively and real. The probability of an event is the truth
value of something or the degree to which something, i.e. a random variable X, is determined by its
own expectation value. The probability p(X) of a random variable X follows as (see equation 3)

p(X) �
X � p(X)

X
�

E(X)
X

� p(X)

�
X � X � p(X)

X � X
�

X � E(X)
X � X

�
E

�
X2

�

X2

�
E (X)

X
�

E(X) � E (X)
X � E(X)

�
E (X) 2

E(X2)

�
E (X)

X
�

E(X) � E (X)
X � E(X)

�
s (X) 2

X � X � (1� p(X))
�

s (X) 2

E(X2)

� Y (X) � Y * (X)

(11)

whereY (X) is the wave-function of X,Y * (X) is the complex conjugate wave-function of X. As soon
as the probability p(X) of an event X is determined, the probability of its own other, 1 - p(X), the
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complementary of X, the opposite of X, anti X, is determined too. We obtain

1� p(X) � 1�
X � p(X)

X
� 1�

E (X)
X

�
X
X

�
E(X)

X
�

X � E(X)
X

�
E(X)

X
� p(X)

� 1�
X � X � p(X)

X � X
� 1�

X � E(X)
X � X

� 1�
E

�
X2

�

X2 �
X2

X2 �
E

�
X2

�

X2 �
X2 � E

�
X2

�

X2

� 1�
E (X)

X
� 1�

E (X) � E (X)
X � E(X)

� 1�
E (X) 2

E(X2)

� 1�
E (X)

X
� 1�

E (X) � E (X)
X � E(X)

� 1�
s (X) 2

X � X � (1� p(X))
� 1�

s (X) 2

E(X2)

� 1� Y (X) � Y * (X)
(12)
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2.2.1.3. Variance of a Random Variable

De�nition 2.4 (The Variance of a Random Variable). Johann Carl Friedrich Gauß (1777-1855) in-
troduced the normal distribution and the error of mean squared in his 1809 monograph (see Gauß,
Carl Friedrich, 1809). In the following, Karl Pearson (1857-1936) coined the term “standard de-
viation”in 1893. Pearson is writing: “Thens will be termed its standard-deviation (error of mean
square).” (see Pearson, 1894, p. 80). Finally, the term variance was introduced by Sir Ronald Aylmer
Fisher (1890-1962) in the year 1918.

“The ... deviations of a ... measurement from its mean ... may be ... measured by the standard
deviation corresponding to the square root of the mean square error ... It is ... desirablein
analysing the causes... to deal with the square of the standard deviation as the measure of

variability. We shall term this quantity the Variance... ”

(see Fisher, Ronald Aylmer, 1919, p. 399)

The deviation of a random variable X from its population mean or sample mean E(X) has a central
role in statistics and is one important measure of dispersion. The variances (X)2 (see Kolmogorov,
Andre�� Nikolaevich, 1950, p. 42 ), the second central moment of a distribution, is the expectation value
of the squared deviation of a random variable X from its own expectation value E(X) and is determined
in general as (see equation 8):

s (X) 2 � E
�
X2�

� E (X) 2

� (X � E (X)) � E (X) 2

� E (X) � (X � E(X))

� E (X) � E (X)

(13)

while E(X) � X � E(X). From the point of view of tensor algebra, it is

2s
�
Xklmn. . .

�
� E

�
2Xklmn. . .

�
� 2E

�
Xklmn. . .

�

�
�
Xklmn. . . � E

�
Xklmn. . .

��
� 2E

�
Xklmn. . .

�

� E
�
Xklmn. . .

�
�

�
Xklmn. . . � E

�
Xklmn. . .

��

� E
�
Xklmn. . .

�
� E

�
Xklmn. . .

�

(14)

while E
�
Xklmn. . .

�
� Xklmn. . . � E

�
Xklmn. . .

�
. As demonstrated by equation 14, variance depends

not just on the expectation value of what has actually been observedE
��

Xklmn. . .
��

, but also on the
expectation value that could have been observed but were not

�
E

�
Xklmn. . .

��
). There are circumstances

in quantum mechanics where this fact is called the local hidden variable. Even if his might strike us as
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peculiar, variance32 is primarily a mathematical method which is of use in order to evaluate speci�c
hypotheses in the light of some empirical facts. However, as a mathematical tool or method, variance
is also a scienti�c description of a certain part of objective reality too. In this context, as a general
mathematical principle, one fundamental meaning of variance is to provide a logically consistent link
between something and its own other, between X and anti X.

“The variance in this sense is a measure of the inner contradictions of a random variable, of
changes, of struggle within this random variable itself, or the greaters (X) 2 of a random variable,

the greater the inner contradictions of this random variable. ”

(see Baruk�cić, 2006a, p. 57)

All things considered, we can safely say that, on the whole,the variance is a mathematical descrip-
tion of the philosophical notion of the inner contradiction of a random variable X (see Hegel,
Georg Wilhelm Friedrich, 1812a, 1813, 1816) . Based on equation 13, it is

E
�

X2
�

� E (X) 2 + s (X) 2 (15)

or
E(X) 2

E(X2)
+

s (X) 2

E(X2)
� p(X)+

s (X) 2

E(X2)
� + 1 (16)

In other words, the variance (see Baruk�cić, 2006b) of a random variable is a determining part of the
probability of a random variable. The wave functionY follows in general, as

Y (X) �
1

Y * (X)
�

s (X) 2

(Y * (X) � E (X2))

�

�
E

�
X2

�
� s (X) 2

�

(Y * (X) � E (X2))

�
1

(Y * (X) � E (X2))
�

�
E

�
X2

�
� s (X) 2

�

�
1

(Y * (X) � E (X2))
� E (X) 2

�
1

Y * (X)
�

E (X) 2

E(X2)

�
1

Y * (X) � X
� E (X)

(17)

The wave function (see Born, 1926) of a quantum-mechanical system is a central determining
part of the Schr̈odinger wave equation (see Schrödinger, Erwin Rudolf Josef Alexander, 1926, 1929,
1952).

32Romeijn, Jan-Willem, ”Philosophy of Statistics”, The Stanford Encyclopedia of Philosophy (Spring 2022 Edition), Edward N.
Zalta (ed.), forthcoming URL = https://plato.stanford.edu/archives/spr2022/entries/statistics/.
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De�nition 2.5 (The First Moment Expectation of a Random Variable of X (anti X)). In general,
let E(X) be de�ned as

E(X) � X � E(X) � X � (X � p(X)) � X � (+ 1� p(X)) (18)

and denote an expectation value of a (discrete) random variable anti X with the probability

p(X) � 1� p(X) (19)

The �rst moment expectation value (see Huygens and van Schooten, 1657, Kolmogorov, Andre��
Nikolaevich, 1950, LaPlace, 1812, Whitworth, 1901) of anti X, denoted as E(X), is a number de�ned
as follows:

E(X) � X � (X � p(X)) � X � (1� p(X)) � X � p(X) (20)

The �rst moment expectation value squared of a random variable anti X follows as

E(X) 2 � p(X) � X � p(X) � X

� p(X) � p(X) � X � X

� (p(X) � X) 2

� E (X) � E (X)

(21)

De�nition 2.6 (The Second Moment Expectation of a Random Variable of X(anti X)). The sec-
ond (see Kolmogorov, Andre�� Nikolaevich, 1950, p. 42 ) moment expectation value (or more or less
arithmetic mean) of a (large) number of independent realizations of a random variable anti X follows
as:

E
�
X2�

� p(X) � X2

� ( p(X) � X) � X

� E(X) � X

� X � E(X)

(22)

De�nition 2.7 (The n-th Moment Expectation of a Random Variable of X(anti X)). The n-th (see
Baruk�cić, 2020a, 2021c) moment expectation value of a (large) number of independent realizations of
a random variable anti X follows as:

E(Xn) � p(X) � Xn

� ( p(X) � X) � Xn-1

� E (X) � Xn-1

(23)

De�nition 2.8 (The Co-Variance of a Random Variable). Sir Ronald Aylmer Fisher (1890 -1962)
introduced the term covariance (see Bailey, 1931) in the year 1930 in his book as follows:
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“It is obvious too that where a considerable fraction of the variance is contributed by chance
causes, the variance of any group of individuals will be in�ated in comparison with the covariances

between related groups ... ”

(see Fisher, Ronald Aylmer, 1930, p. 195)

In general, the co-variance is de�ned as given by equation 24.

s (X;Y) � E (X;Y) � (E (X) � E (Y)) (24)

From the point of view of tensor algebra, it is

s
�
Xklmn. . . ;Yklmn. . .

�
� E

�
Xklmn. . . ;Yklmn. . .

�
�

�
E

�
Xklmn. . .

�
� E

�
Yklmn. . .

��
(25)

2.2.2. Normal distribution

The origins of the normal distribution, also known as the Gaussian distribution, the second law of
Laplace, the law of error et cetera, has been studied at least since the 18th century and can be traced
back even to a French mathematician Abraham de Moivre. Johann Carl Friedrich Gauß's (1777-1855)
presented 1809 the normal distribution (see Gauß, Carl Friedrich, 1809, p. 244) while illustrating the
method of least squares. In the following, Karl Pearson (1857-1936) popularised a new name for Gauß
distribution. Pearson wrote: “A frequency-curve, which for practical purposes, can be represented by
the error curve, will for the remainder of this paper be termed a normal curve.” (see Pearson, 1894, p.
72).

p(RXt) =

 
1

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2
(26)

The standard normal distribution is illustrated by �gure 4.

Sir Ronald Aylmer Fisher (1890-1962)33 , a very in�uential statistician of the �rst half of the 20th
century, presented the case of a normal (see Fisher, Ronald Aylmer, 1912, p. 157) distribution with
non-zero mean (see Fisher, Ronald Aylmer, 1920, p. 758) as a typical case. The probability density
function (pdf) of an anti-normal distribution is given as

p(RXt) = 1�

 
1

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2
(27)

as illustrated by �gure 5. In general, it is

p(RXt) + p(RXt) = 1 (28)
33R. A. Fisher Digital Archive, The University of Adelaide. 5005 AUSTRALIA. copyright@adelaide.edu.au
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Figure 4. Normal distribution

Normal distribution
with
E( x ) = 0
and
s ( x )2 = 1

The variance of a Gaussian distributed random variable is given as

s (RXt) 2 � RXt � RXt � p(RXt) � p(RXt)

� RXt � RXt �

0

B
B
@

 
1

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2

1

C
C
A �

0

B
B
@1�

0

B
B
@

 
1

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2

1

C
C
A

1

C
C
A

(29)

Under conditions where E(RXt) = 0 ands (RXt)2 = 1, equation 29 becomes

s (RXt) 2 � RXt � RXt � p(RXt) � p(RXt)

� RXt � RXt �

0

B
B
@

 
1

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2

1

C
C
A �

0

B
B
@1�

0

B
B
@

 
1

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2

1

C
C
A

1

C
C
A

� RXt � RXt �

0

B
@

�
1

p
2p � 1

�
e

�
(RXt � 0)2

2� 1

1

C
A �

0
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@1�

0
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@

�
1

p
2p � 1

�
e

�
(RXt � 0)2

2� 1

1

C
A

1

C
A

� RXt � RXt �

0

B
@

�
1

p
2p

�
e

�
(RXt)

2

2

1

C
A �

0

B
@1�

0

B
@

�
1

p
2p

�
e

�
(RXt)

2

2

1

C
A

1

C
A

(30)

Standard normal distribution

In general, a normal distribution with mean 0 and variance 1 is called the standard normal dis-
tribution. Modern publications often write the density function for the standard normal distribution,
`bell-shaped curve', as

p(z) =
�

1
p

2p

�
e

�
z2

2 (31)
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Figure 5. Anti-normal distribution

Anti-normal distribution
with
E( x ) = 0
and
s ( x )2 = 1

The density function for the anti-standard normal distribution is given as

p(z) = 1� p(z) = 1�
�

1
p

2p

�
e

�
z2

2 (32)

It is
p(z)+ p(z) = 1 (33)

and is illustrated by �gure 6.

Truman Lee Kelley (1884–1961) introduced statistical methods into psychological studies34 and
de�ned the z-score (see Kelley, 1924, p. 115). In mathematical statistics, a random variableRXt

is standardised by subtracting its expected value E(RXt) and dividing the difference by its standard
deviations (RXt). The z-score or standard score, denoted as z(RXt), is de�ned as

z(RXt) =
(RXt � E(RXt))

s (RXt)
(34)

Simply put, a z-score (also called a standard score) describes how many standard deviations a given
quantum mechanical observable or a random variable lies above or below a speci�c value. Equation
34 changes to

z(RXt)2 =
(RXt � E(RXt))

2

s (RXt)2 =
E(RXt)2

E(RXt) � E(RXt)
=

E(RXt)
E(RXt)

= RXt � (1� p(RXt))

RXt � p(RXt)
=

(1� p(RXt))
p(RXt)

(35)
Equation 35 simpli�es as

E(RXt) = z(RXt)2 � E(RXt) (36)
34McClure WE. Speed and Accuracy of the Feebleminded on Performance Tests. Psychol Clin. 1931 Feb;19(9):265-274. PMID:

28909304; PMCID: PMC5138284.
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Figure 6. Normal and anti-normal distribution

Normal and anti-normal
distribution
with
E( x ) = 0
and
s ( x )2 = 1

We can imagine drawing �gure 6 in n dimensions. Under these circumstances we would obtain some-
thing similar to anEinstein–Rosen bridgeor Einstein–Rosen wormhole35 formulated in terms of the
framework of probability theory. Attention should be drawn to circumstances especially of quantum
mechanics, where E(RXt ) indicates something like the expectation value of a `local hidden variable '.
Equation 36 changes slightly. It is

RXt � (1� p(RXt)) = z(RXt)2 � RXt � p(RXt) (37)

and
(1� p(RXt)) = z(RXt)2 � p(RXt) (38)

Equation 38 is rearranged as
1 = z(RXt)2 � p(RXt) + p(RXt) (39)

or
1 = ( z(RXt)2 + 1) � p(RXt) (40)

At the end, it follows that

p(RXt) =
1

z(RXt)2 + 1
(41)

From equation 35 follows that

z(RXt)2 =
(RXt � E(RXt))

2

s (RXt)2 =
E(RXt)2

E(RXt) � E(RXt)
=

E(RXt)
E(RXt)

=
E(RXt) � E(RXt)
E(RXt) � E(RXt)

=
s (RXt)2

E(RXt)2 (42)

Thus far, it is equally
s (RXt)2 = z(RXt)2 � E(RXt)2 (43)

35Cramer JG, Forward RL, Morris MS, Visser M, Benford G, Landis GA. Natural wormholes as gravitational lenses. Phys Rev D
Part Fields. 1995 Mar 15;51(6):3117-3120. doi: 10.1103/physrevd.51.3117. PMID: 10018782.
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Figure 7. Halved normal distribution

Halved normal distribution
with
E( x ) = 0
and
s ( x )2 = 1

or
s (RXt) = z(RXt) � E(RXt) (44)

Per de�nition, it is

E(RXt) =
s (RXt)
z(RXt)

(45)

The probability density of a halved normal distribution for positive x is given as

p(RXt) =

 
2

p
2p � s (RXt)2

!

e
�

(RXt � E(RXt))
2

2� s (RXt)2
(46)

and illustrated by �gure 7.

2.2.3. Geometry

2.2.3.1. Euclid's theorem Various theories of geometry, including Euclidean geometry and non-
Euclidean geometry, are based on de�nitions, axioms, theorems, proofs et cetera which themselves are
derived more or less to some extent from knowledge of the objective reality too. Recalling Einstein's
profound position

“... Geometrie is offenbar eine Naturwissenschafft ... Ihre Aussagen beruhen im wesentlichen auf
Induktion aus der Erfahrung, nicht aber auf logischen Schlüssen. ”

(see Einstein, 1921, p. 6)
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Figure 8. Euclid's theorem.

Euclid's theorem
with
RXt = E(RXt) + E(RXt)
as the foundation of
the relationship between
RXt andRXt

where
E(RXt) is the expectation value
of RXt, and
E(RXt) is the expectation value
of anti RXt

and translating the same into simple English as “Geometry ... is ... a natural science ... in fact ...
it ... rest essentially on induction from experience”we cannot avoid considering the limitations of
geometry. In other words, explaining objective reality completely as a something like a complicated
interplay between basic properties like points or lines might turn out to be stigmatized to some extent
by imperfection. However, in logic, there is geometry, in geometry, there is logic. Both interpenetrate
each other. The logic of geometry is determined by the geometry of logic and vice versa. Nonetheless,
even if a detailed examination of geometry as presented by Euclid might reveal a number of problems,
some of Euclid's theorems are still valid. In this context, it is worth considering Euclid's (ca. 360-
280 BC) so-called right triangle theorem or Euclid's altitude theorem or Euclid's geometric mean
theorem or simply Euclid's theorem, published as a corollary to proposition 8 in Book VI of Euclid's
Elements (see roposition 8 in Book VI: Euclid, of Alexandria (300 B. C. E.), 1908, p. 209 ) and used
in proposition 14 of Book II (see Book II, proposition 14: Euclid, of Alexandria (300 B. C. E.), 1908,
pp. 409-410 ) to square a rectangle is de�ned (see Baruk�cić, 2013, 2015, 2016c) as

RDt
2 � E (RXt) � E (RXt)

�
(E (RXt) � RXt) � (E (RXt) � RXt)

RXt � RXt

�
(Rat) 2 � (Rbt) 2

RXt
2

� s (Xt) 2

(47)

wheres (Xt) 2 is the variance of the random variable Xt. The varianceRDt
2 � s (Xt) 2 of a right-angled

triangle is illustrated by Fig. 8 in more detail. It is

RDt �
(Rat) � (Rbt)

RXt

� s (Xt)
(48)
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2.2.3.1.1. Euclid's theorem and expectation value It should be remembered, moreover, that
Euclid's theorem is related to Thales of Miletus (ca. 624/623–ca.548/545 BCE) theorem. We may now
apply Euclid's theorem to the relative latecomer in scienti�c history, the expectation values (see also
�g. 8).

Theorem 2.1(Euclid's theorem and expectation values). In general and according to Euclid's theorem,
any random variableRXt has the potential of being in a state of superposition as

RXt = E(RXt) + E(RXt) (49)

whereRDt denotes the altitude in a right triangle and E(RXt) and E(RXt) the segments on the hypotenuse

RXt in a right-angle triangle. In general, something, denoted byRXt, is self-contradictory. According to
Euclid's theorem, it is equally the unity and the struggle between itself E(RXt) and its own other E(RXt).

Proof by direct proof.The premise

+ 1 � + 1 (50)

is true. In the following, we rearrange the premise. We obtain

+ 1+ 0 � + 1+ 0 (51)

or

+ 1 � + 1� p(Xt) + p(Xt) (52)

Equation 52 simpli�es as

+ 1 � p(Xt) + (+ 1� p(Xt)) (53)

Multiplying equation 53 by the random variable Xt, it is

Xt � (Xt � p(Xt)) + ( Xt � (+ 1� p(Xt))) (54)

Equation 54 becomes (see equation 3, p. 12)

Xt � E (Xt) + ( Xt � (+ 1� p(Xt))) (55)

Equation 55 changes (see equation 18, p. 18) further. Based on Euclid's theorem, any random variable
Xt is more or less in a state of superposition as given by the equation

Xt � E (Xt) + E(X) (56)

�
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2.2.3.1.2. Euclid's theorem and normalisation of expectation valuesThe expectation values
can be normalised.

Theorem 2.2(Euclid's theorem and normalisation of expectation values). In general, the expectation
values are normalised as

+ 1 �
E

�
Xt

2
�

Xt
2 +

E
�
X2

�

Xt
2 (57)

Proof by direct proof.The premise
+ 1 � + 1 (58)

is true. In the following, we rearrange the premise. We obtain

Xt � Xt (59)

Equation 59 changes (see equation 56, p. 25) slightly. It is

Xt � E (Xt) + E(X) (60)

Multiplying equation 60 by Xt, it is

Xt � Xt � (Xt � E (Xt)) + ( Xt � E (X)) (61)

or (see equation 8, p. 13) and equation 22, p. 18)

Xt
2 � E

�
Xt

2
�

+ E
�

X2
�

(62)

Normalising the relationships of equation 62, it is

+ 1 �
Xt

2

Xt
2 �

E
�
Xt

2
�

Xt
2 +

E
�
X2

�

Xt
2 (63)

�

2.2.3.1.3. Euclid's theorem and normalisation of probabilities

Theorem 2.3.Euclid's theorem can be normalized. In general, it is

p(RXt) + p(RXt) = + 1 (64)

Proof. If the premise
+ 1 = + 1 (65)

is true,then the conclusion
p(RXt) + p(RXt) = + 1 (66)
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is also true, the absence of any technical errors and other errors of human reasoning presupposed. The
starting point of this proof (premise: +1 = +1) is true. Multiplying Eq. 65 by +RXt it is

+ RXt = + RXt (67)

Rearranging Eq. 67, we obtain

+ RXt � E(RXt) + E(RXt) = + RXt + 0 (68)

while it is necessary that E(RXt) is for sure one determining part of +RXt, whatever E(RXt) and +RXt

may denote. In general, we consider without an exception all but E(RXt) at a certain period of or point
in time t as anti E(RXt). Anti E(RXt) is denoted by E(RXt). Arithmetically, we de�ne E(RXt)as

E(RXt) � +( RXt) � E (RXt) (69)

Eq. 68 changes in perfect agreement with 69 to

+ E(RXt) + E(RXt) = RXt (70)

By rearranging Eq. 70, we obtain the general normalized form of Euclid's theorem as

+
�

E(RXt)

RXt

�
+

�
E(RXt)

RXt

�
=

�
RXt

RXt

�
= + 1 (71)

From the point of view of geometry, the probability of a single event, an entity, a quantity, a number et
cetera is the extent to which E(RXt), this single event, entity, quantity, number et cetera, is a determining
part ofRXt. In general, it is

p(RXt) �
E(RXt)

RXt
(72)

From the point of view of geometry, the probability of a single anti-event, an anti-entity, an anti-
quantity, an anti-number et cetera is the extent to which E(RXt), this single anti-event, an anti-entity,
an anti-quantity, an anti-number et cetera, is a determining part ofRXt. In general, it is

p(RXt) �
E(RXt)

RXt
= 1�

(RXt) � p(RXt)

RXt
= 1�

E(RXt)

RXt
= 1� p(RXt) (73)

Taking into account the previous de�nitions (Eq. 72 and Eq. 73) then Eq. 71 changes to

p(RXt) + p(RXt) = + 1 (74)

�

Theorem 2.4(THE APPROXIMATE PROBABILITY OF AN EVENT ).
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In general, it is
p(RXt) � exp � ( p(RXt)) (75)

Proof. If the premise
+ 1 = + 1 (76)

is true,then the conclusion
p(RXt) � exp � ( p(RXt)) (77)

is also true, the absence of any technical errors and other errors of human reasoning presupposed. The
starting point of this proof (premise: +1 = +1) is true. Multiplying Eq. 76 by the probability p(RXt) of
an eventRXt at the (period of) time / Bernoulli trial t, it is

p(RXt) � p(RXt) (78)

Eq. 78 changes according to Eq. 74 into

p(RXt) � (+ 1� p(RXt)) (79)

or to

p(RXt) �
�

+ 1�
�

n� p(RXt)
n

��
(80)

Assumed that the probability is constant from trial to trial while the number of observations increases,
we obtain the following.

p(RXt) n �
�

+ 1�
�

n� p(RXt)
n

��
n (81)

Eq. 81 can be simpli�ed as

p(RXt) n �
�

+ 1�
�

E (RXt)
n

��
n (82)

From elementary calculus (see also DeGroot and Schervish, 2005, p. 195) it is known that

lim
n! + ¥

�
+ 1�

�
E (RXt)

n

��
n � exp � E (RXt) (83)

According to Eq. 83, Eq. 82 is rearranged as

p(RXt) n � exp � E (RXt) (84)

The probability of a single event follows as

p(RXt) � n
q

p(RXt) n

�
n
q

exp � E (RXt)

� exp
� E (RXt)

n

� exp
�

(n� p(RXt))
n

(85)
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Finally, the probability of a single event (see Baruk�cić, 2019e, pp. 1843-1844) is given by

p(RXt) � exp � ( p(RXt)) (86)

�

Our sun has risen every day for a long time in the past. However, will the same sun rise tomorrow,
for sure? In the light of such empirical facts, any inference from the known or observed to the unknown
or unobserved, has become known as “inductive inferences”. Inductive inference is often overshad-
owed by the possibility of being mistaken and is associated with a certain level of signi�cance (see
Arbuthnot, John, 1710, Venn, 1888), often denoted as the p-value (see Pearson, 1900b). Historically,
it was especially David Hume36 who put into question in his 1739 Book `A Treatise of Human Nature,
part iii, section 6' (see Hume, 1739) any justi�cation in which humans form knowledge which became
known as Hume's `problem of induction '.

36Henderson, Leah, ”The Problem of Induction”, The Stanford Encyclopedia of Philosophy (Spring 2020 Edition), Edward N. Zalta
(ed.), URL = https://plato.stanford.edu/archives/spr2020/entries/induction-problem/.
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2.2.3.2. Pythagorean theorem Pythagoras of Samos (c. 570 – c. 495 BCE) lived on the island of
Samos in the Aegean Sea, in Egypt, Babylon and southern Italy. In mathematics, Pythagoras is credited
with several scienti�c and mathematical discoveries, including the Pythagorean theorem, or Pythago-
ras' theorem, too. However, the history of Pythagorean theorem is more or less the subject of much
debate while neither the date of �rst discovery of Pythagoras' theorem nor the date of the �rst proof
of Pythagoras' theorem is certain. At present, there are quite a few publications available suggesting
that the Pythagorean theorem was known in ancient Babylon, Egypt and India (the Baudhayana Shulba
Sutra), too. Yet astonishingly enough, there are reports that the Pythagorean theorem was found on an
old Babylonian tablet meanwhile known as Plimpton 322 (see Friberg, 1981, Maor, 2007), written
between 1790 and 1750 BCE during the reign of King Hammurabi the Great.

De�nition 2.9 (The right-angled triangle). A right-angled triangle is a triangle in which one angle
is a 90-degree angle. LetRXt denote the hypotenuse, the side opposite the right angle (sideRXt inside
�gure 9). The sidesRat and Rbt are called legs of the triangle. In a right-angled triangle ABC, the
side AC, which is abbreviated asRbt, is the side which is adjacent to the anglea , while the side CB,
denoted asRat, is the side opposite to the anglea . Figure 9 might illustrate a right-angled triangle
(see Bettinger and Englund, 1960). The relation between the sides and angles of a right-angled
triangle are known to be the basis for trigonometry, but are the basis of probability theory too.

Figure 9. Right-angled triangle. RXt is hypotenuse,Rat and Rbt are called triangles legs.
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Again, RXt is in the state of superposition, a law which has been re-formulated by the Danish
geologist Nicolaus Steno (see Stenonis, Nicolai, 1669) in his 1696 book `De Solido Intra Naturaliter
Contento Dissertationis Prodomus '. Thus far, how big is the chance or probability that three random
points like A, B, C in space-time are able to form a certain, stable right-angled triangle? Problems
of similar type have been studied in the 18th century under the notion of geometric probability (see
Milman, Vitali D., 2008, Solomon, 1978). Geometry and probability are deeply interrelated.

There is something extremely simple and deeply hidden even inside Einstein's masterpiece, the
tremendously complex general theory of relativity. That turns out to be the right-angled triangle
(ninety-degree angle at one of its corner).

2.2.3.2.1. Pythagorean theorem in general

De�nition 2.10 (The Pythagorean theorem).

The famous Pythagorean theorem of Euclidean geometry is attributed to the Greek thinker Pythago-
ras of Samos (ca. 570 – ca. 495 BCE). However, even if attributed to Pythagoras, the theorem has been
known to the Babylonians (see Maor, 2007) more than a thousand years before Pythagoras. In general,
the Pythagorean theorem is de�ned as

Rat
2 + Rbt

2 � RXt
2 (87)

where0 may denote the point of view of a co-moving observer, whileR may denote the point of view of
a stationary observer at a certain point in space-timet. Fig. 10 is illustrating the Pythagorean theorem
in all its splendour and beauty in more detail.
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Figure 10. The Pythagorean theorem.

2.2.3.2.2. Pythagorean theorem normalised

Theorem 2.5.The normalised Pythagorean theorem is determined as

Rat
2

RXt
2 + Rbt

2

RXt
2 � + 1+2 (88)

Proof. If the premise
+ 1 � + 1 (89)

is true,then the conclusion
Rat

2

RXt
2 + Rbt

2

RXt
2 � + 1+2 (90)

is also true, the absence of any technical errors and other errors of human reasoning presupposed. The
starting point of this proof (premise: +1 = +1) is true. The Pythagorean theorem is proofed (see Eq.
87) asRat

2 + Rbt
2 � RXt

2. Eq. 89 changes to

RXt
2 � RXt

2 (91)
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and �nally to

Rat
2 + Rbt

2 � RXt
2 � C2 (92)

In the following, We setC = RXt anda = Rat andb = Rbt. Dividing Eq. 92 byRXt
2 under conditions

where this is possible and allowed, we obtain the normalized form of the Pythagorean theorem (see
equation 11, p. 33) as

Rat
2

RXt
2 + Rbt

2

RXt
2 � RXt

2

RXt
2 + 1+2 (93)

�

Figure 11. Geometry and probability theory.

In our understanding, there are conditions where probability theory / statistics is related with geometry
(i.e. Pythagorean theorem, Euclid's theorem et cetera) (see also �gure 11) by the equation:

a2 � E
�

X2
�

(94)

Further research should be able and might provide convincing evidence whether - and to what extent -
equation 94 makes any sense at all. However, none of these reliefs us of our duty to seriously consider
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